Abstract. In Chermak and Delgado's paper "A measuring argument for finite groups", a certain "measuring lemma" was shown to hold. This lemma has been successfully applied in many recent papers. We generalize this lemma by expanding the discussion from groups acting on groups to groups acting on sets. As applications, we obtain the main results of several earlier papers.
I. Introduction
The purpose of this paper is to generalize the results of of Chermak and Delgado in [1] . In [1] a certain "measuring lemma" was shown to hold (Lemma 1.1 of [1] ). This measuring lemma was then successfully applied in [2] in the context of "failure of Thompson factorization". Since the results of [1] were further applied in [3, 4, 7, 8] , and in other papers as well, we thought that it is of interest to generalize this measuring lemma. In fact in the introduction to [1] it was suggested that such a generalization probably exists. Some applications are given in section IV.
The methods of this paper are variations of those in [1] . However, while [1] deals with a finite group acting on a finite group , we expand the discussion to the case of a finite group acting on a finite set Ω. Furthermore, this paper gives a unified approach to previous "measuring arguments", which yields, as special cases, the results of Goren's papers [5] and [6] , as well as the basic results of [1] and of Lucchini's paper [9] .
We would like to remark that in Goren's papers [5] and [6] , whenever a finite permutation group on Ω is mentioned, it should be assumed that has no fixed points on Ω.
We are extremely grateful to Yoav Segev for his important contribution to this paper.
II. Basic definitions and results
Let denote a finite permutation group of a finite set Ω. This situation will be denoted by: ∈ (Ω). The set of all subsets of Ω will be denoted by (Ω) and the set of all subgroups of will be denoted by ( ).
We denote by ℒ a subset of (Ω), which is a complete lattice with respect to inclusion and which is closed with respect to the action of . The greatest element of ℒ is 1 and its least element is 0. This situation will be denoted by: ∈ (Ω, ℒ). If , ∈ ℒ, we shall denote their least upper bound by ∨ and their greatest lower bound by ∧ . Finally, ℒ * denotes ℒ−{0} and ℝ denotes the real numbers. If Ω is arbitrary, then the typical choice for ℒ is: ℒ = (Ω), with 1 = Ω, 0 = ∅ and for , ∈ ℒ, ∨ = ∪ and ∧ = ∩ . If Ω = , ( ) = {1} and acts on Ω by conjugation, then the typical choice for ℒ is: ℒ = ( ), with 1 = , 0 = {1} and for , ∈ ℒ, ∨ = ⟨ , ⟩ and ∧ = ∩ .
We continue with four basic definitions. (1) ( ) = ( ) for all ∈ ℒ and ∈ .
If ∈ (Ω, ℒ) and there exists an ascending orbit function on ℒ, then we shall write ∈ (Ω, ℒ, ). (1) ( ) = ( ) for all ∈ ℒ and ∈ .
If ∈ (Ω, ℒ, ) and there exists a descending orbit function on ℒ, then we shall write ∈ (Ω, ℒ, , ).
Definition 3: Definition of , ,
* | ( ) ( ) = }; * = the set of maximal members of ; * = the set of minimal members of .
Definition 4.
Let ∈ (Ω, ℒ, , ) and let , , * , * be as defined in Definition 3. This situation will be denoted by ∈ (Ω, ℒ, , , ).
The following three lemmas deal with ∈ (Ω, ℒ, , , ). Our first observation is:
(1) The subsets , * and * are closed under the action of .
Proof. The statements follow from the definitions. □
In the following lemma we prove some basic properties of . Lemma 2 is a generalization of the "measuring lemma" in [1] .
Lemma 2. Let , ∈
and suppose that either ∧ ∕ = 0 or ≥ (0). Then the following statements hold:
Proof. Since ∈ , we have
which, after reduction, yields
It follows from (2-2) that
Suppose that ∧ ∕ = 0. Then ∧ ∈ ℒ * and since ∈ , equality must hold in (2-3). This implies that ∧ ∈ and equalities hold throughout the expressions (2-1) and (2-2). In particular, the equalities in (2-1) imply that ∨ ∈ (as ∈ ) and ( ) ( ) = ( ∨ ) ( ∧ ) holds. The equalities in (2-2) imply that ( ) ( ) = ( ∨ ) ( ∧ ) holds. We have shown that (1), (2), (3) and (4) hold in this case, as claimed.
Suppose, now, that ∧ = 0. In this case it follows from our assumptions that ( ) ( ) = ≥ (0) and (2-3) implies ( ) ( ) ≤ (0). Hence = (0) and consequently equalities hold throughout the expressions (2-1) and (2-2). In particular, ∨ ∈ , ( ) ( ) = ( ∨ ) ( ∧ ) and ( ) ( ) = ( ∨ ) ( ∧ ) hold. We have shown that (1), (2), (3) and (5) hold in this case, as claimed.
Clearly (6) 
In particular, if ∈ , then ∈ * ∪ * and either = or ∧ = 0.
Proof. Let , ∈ * ∪ * and suppose that ∧ ∕ = 0. Then, by Lemma 2, ∧ ∈ and ∨ ∈ . But ∧ ⊆ ⊆ ∨ and ∈ * ∪ * ; hence either = ∧ or = ∨ . Thus either ⊆ or ⊆ , as claimed.
If ∈ , then ∈ * ∪ * by Lemma 1(1). Since | | = | |, it follows by the opening remark that either = or ∧ = 0. □ We define now: (∅) = and if is a non-empty subset of Ω, then ( ) denotes the pointwise centralizer of in .
The next proposition turns out to be very useful for our purposes. ∈ * for all ∈ . It follows that = and ( ( )) = ( ) = ( ) for all ∈ , which implies that ( ) ⊴ . The proof of (2) is complete. □
If is a transitive permutation group on Ω, then the following proposition holds.
Proof. Since ≥ (0), it follows by Proposition 4(1) that * = { } and = for each ∈ . Since ∈ , ∕ = 0 and hence ∕ = ∅. By the transitivity of on Ω it follows that = Ω ∈ and hence 1 = Ω. Thus * = {1} and = (1) (1) = (1) = (Ω). □
We conclude this section with an important application of Lemmas 1, 2 and 3.
Theorem 6. Suppose that ( ) = {1} < and ∈ (Ω, ℒ), where Ω = on which acts by conjugation and ℒ = ( ). Define two functions and from ( ) to ℝ as follows: ( ) = | | and ( ) = | ( )| for each ∈ ( ) .

Then the following statements hold.
(1) ∈ (Ω, ℒ, , , ) for the appropriate and 
It follows easily from these observations that is an ascending orbit function on ℒ and is a descending orbit function on ℒ. Hence ∈ (Ω, ℒ, , , ) for the appropriate . The first equality implies that (1) and (4)), it follows that = | |. The proof is complete. □
III. Dominated products
In this section we define and investigate finite permutation groups with "dominated products". From these investigations the main results of this paper will emerge.
Definition 5.
Let ∈ (Ω, ℒ, , , ). We shall say that has dominated products on ℒ if = (1) . (1) ( ) = ( ) for all ∈ ( ) and ∈ . Proof. We prove each item of Definition 2 separately.
First we remark
(1) If ∈ ℒ and ∈ , then ∈ ℒ and ( ) = ( ) . Hence ( ) = ( ( )) = ( ( ) ) = ( ( )) = ( ).
(2) If , ∈ ℒ and ⊆ , then ( ) ≤ ( ) and hence ( ) = ( ( )) ≤ ( ( )) = ( ).
(3) Since 1 = Ω and is a permutation group on Ω, we get (1) = ( (Ω)) = ({1}) = 1.
□
We conclude this section with a proof of the following theorem, which is a generalization of Theorem 5 in [6] .
Theorem 10. Let ∈ (Ω, ℒ, ) with ℒ = (Ω) and suppose that is either transitive on Ω or it is a non-abelian simple group, acting on Ω without fixed points.
Moreover, let be a subgroups class function of and let ( ) = ( ( )) for each ∈ ℒ. Then the following statements hold:
is a descending orbit function on ℒ and 
IV. Applications
As applications, we shall obtain the main results of the papers [1] , [5] , [6] and [9] . We shall use here the notation of the previous sections.
The following theorem is Theorem 9 of [5] .
Theorem 11. Let ∈ (Ω) and suppose that
